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We consider the case where the potential is short-ranged.
Namely
V (x) = 0 if jxj > a (8)
for a small positive number a. At the limit a ! 0, the
self-adjoint extension theory dictates that any Hermitian
potential has to be reduced to the generalized pointlike
interaction [7{10]
V (x)! (x;; ; ; Æ) (9)
which admits the discontinuity both of the wave function
and its space-derivative. The physical understanding of
this rather counter-intuitive object  is possible through
its explicit construction in terms of local operator, which
has recently been devised [11]. We have




































in which , ,  and Æ are arbitrary real numbers with
the constraint
   Æ = 1: (12)




































(x). This implies  =  1 and  = 0, which, in com-






(x) (a! 0) (14)
where "(x; c) is dened by
"(x; c)  (x; 1; 0; 1; 4c): (15)
This interaction induces the discontinuity in the wave
function itself whose amount is specied by the real num-




















In place of Eq. (14), one can also have (x; 1; ; 1; 0) as a
legitimate zero-range limit. However, its eect on '
 
(x)
is exactly the same as "(x; 1=).














fÆ(x+ a) + Æ(x   a)g'
 
(x):
This should be contrasted to the \usual" zero-range limit,
Dirac's delta function
Æ(x; v)  (x; 1; v; 1; 0) = vÆ(x); (18)
which has no eect on the antisymmetric wave function;
Æ(x; v)'
 
(x) = 0: (19)























































FIG. 1. Examples of fermionic relative wave functions.
The harmonic oscillator parameter ! = 2 sets the scale. The
interaction V is chosen to be a square well with the range
a = 0:2. (a) The case for attractive interaction of depth
 50. (b) The case of repulsive interaction of height 300. In





=4 +V . The middle and the bottom are the lowest
and the second lowest energy eigenfunctions
Intuitive meaning of the admissibility of the
discontinuity-inducing interaction "(x; c) should become
clear by inspecting Fig. 1, where we depict the antisym-
metric wave functions subjected to a symmetric poten-
tial of small but nite range. Fig. 1(a) is an example of
the attractive potential, and Fig. 1(b) a repulsive one.
The procedure, Eqs. (16)-(17) is a non-trivial but sensi-
ble zero-range limit that keeps the non-vanishing eect
of the potential through a rather unfamiliar concept of
wave-function discontinuity.
We now perform a transformation
'
+




where (x) is the step function (x) = 1 when x > 0 and



























which means that '
+
(x) satises Eq.(13) with  =  =
 1, Æ = 0 and  =  1=c. In other words, '
+
(x) is a


























































Therefore, two-fermion system with "-interaction is
equivalent to two-boson system with Æ-interaction, and
the strong coupling in one side corresponds to the weak
coupling in the other. We emphasize that Æ and " func-
tions are the only non-vanishing limits of any interaction
that acts on bosonic and fermionic wave functions respec-





(x) = 0: (28)
Note also that the couplings v and c can be both positive
and negative. In the latter case, the equivalence extends
to the negative-energy bound states that exist in both


































FIG. 2. The fermionic (a) and bosonic (b) relative wave
functions with three values of coupling parameter. At each
raw, (a) and (b) are related by the transformation, Eq. (21).
The "-interactions for case (a) are constructed from Eq. (17)
with a! 0 limit replaced by a small number a = 0:05.
It is instructive to look at the wave functions to see the
actual workings of the boson-fermion duality with some
numerical examples. We show in Fig. 2(a), the lowest
energy fermionic eigenstates of Eq. (20) with several val-
ues of coupling strengths. In Fig. 2(b), the corresponding
bosonic eigenstates of Eq. (23) are displayed. In the cal-
culation, the "- interaction, Eq. (17), is evaluated with
small but nite value of a in place of a! 0 limit. These
gures show that the rigorous results at the mathemati-
cal limit a! 0 does have real relevance to more realistic
problem with nite-range interactions.
It is straightforward to extend the above arguments
to the system of N one-dimensional particles. Let us
write the wave function of the system for the particular































We dene the permutation P of N numbers









represents the parity of the permutation












































represent the systems of N bosons
and N fermions, respectively. It is easy to see that fol-



































































































































are two dierent representations of the


































































































that can be mapped into each other.
The conning harmonic potential is an artifact to sup-
ply the basis functions, which sometimes causes a nui-




+ L; ) = 	(; x
i
; ) for i = 1; ::; N: (37)
There is a subtle complication with this prescription
[6,12], which we analyze in the followings. Let us sup-
pose, for a moment, that we have a set of x
i
all within













>    > x
N



































). This can be rewrit-




















it is not always appropriate to impose the cyclic bound-




. A consistent description of
the boundary is achieved by replacing the strict periodic


















+ (N   1):
Then, for ! = 0, the fermionic problem Eq. (35) is equiv-
alent to the bosonic problem Eq. (36). Specically, the
usual choice 
+
= 0 gives the periodic boundary for 	
+
and antiperiodic boundary for 	
 
.
The representation of our model in the second-
quantized form should be very useful, since it is in that
form that the bosonization of fermion systems is dis-
cussed with formidable mathematical machinery [13,14].
Also, it could lead to a new type of eld theoretical mod-
els. A technical block on its way is the non-perturbative
nature of the "-interaction, which does not allow mean-
ingful calculations of its matrix elements, at least in
naive, straightforward approach.
Since the complete solution based on the Bethe ansatz
for the bosonic problem Eq. (36) with ! = 0 exists [6],
we now have a model of solvable fermion N -body prob-
lem with non-trivial characteristics. It is of particular
interest to investigate the thermodynamic properties of
this system in detail.
It would be worthwhile to place our approach in the
context of other solvable many-body models in one di-
mension [15]. In particular, the study of its relation
(or contrast) to the model with a long-range interaction,
namely the Calogero-Sutherland model [16{18], appears
to be a promising subject. It should be also interesting
to look at the fermion-boson relations in other dimen-
sions. This is especially true in light of a recent work on
the equivalence between free fermions and free bosons in
dimension two [19]. Finally, we would like to call read-
ers attention to rather unexplored potential roles of the
generalized contact interactions in other contexts than
discussed here. Those include such diverse subjects as
the semiconductor heterojuctions [20] and the contro-
versy over the one-dimensional 1=jxj potential [21,22].
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